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Conclusions
Although operational details have not been worked out, the

AMAPS concept seems feasible and should result in significant
reduction in deployment hardware and cost in many cases.
Quantitative results are limited, but those obtained indicate
axis transformation is easily accomplished before the first
apogee. Furthermore, the discrete parameter model method
seems to perform well for simple dissipation mechanisms.
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Pressurized Crack Behavior in Two-Dimensional Rocket Motor
Geometries
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A method is presented for evaluating two-dimensional crack behavior in rocket motor geometries for
pressure loadings in which the pressure is applied directly to the crack surfaces. The experimental require-
ments associated with pressurizing the crack necessitated the application of pressure over the two-dimensional
plane surface of the specimen. Analytical solutions are developed which include the side pressure and relate
the stress intensity factors to the classical unpressurized situation. Stress intensity factors for the complex
cracked rocket motor geometries were evaluated using finite element computer techniques based on strain
energy methods. Comparison between analytical predictions using elastic fracture mechanics and experimental
observations of a brittle epoxy was quite good for the three different geometries tested. The work has appli-
cation in fracture analysis of solid propellant rocket grains and in pressure vessels containing partial-thickness
cracks which emanate from the inside.
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A,B,C = star tip crack identification
a,b = internal, external grain radius
D = multiplicative factor
E = Young's modulus
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G = general geometric function
h = outside case radius
KI = stress intensity factor
p = pressure
r = radius
u = displacement
U = strain energy
y = surface energy
A = increment
8tJ = Kronecker delta
6 = angle
v = Poisson's ratio
a = stress

Subscripts and Superscripts

a,b,c,d,e,f= problem identification
ij9k = tensor coordinates
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Introduction

THE influence of cracks upon the structural integrity of
solid propellant rocket motors constitutes a vital input

to the design and reliability analyses. A necessary element
in making crucial decisions of this nature is the depend-
ability of the theory by which the motor is analyzed. Al-
though cracks which occur in rocket motors have three-
dimensional geometries and stress fields, and the propellant
material in which they are embedded may exhibit nonlinear
viscoelastic mechanical behavior, it is appropriate to first
study two-dimensional motor geometries fabricated from
linear materials to assess the accuracy and effectiveness of
the fracture theory for the pressurization loading condition
of an encased rocket grain. A knowledge of the performance
of the theory for this problem will provide an important
step in an orderly progression to the three-dimensional prob-
lem with real propellant material behavior.

Two significant contributions of the work are 1) the genera-
tion of an experimental method whereby crack surfaces can
be pressure-loaded in a manner duplicating actual motor
environments for three geometries and 2) the associated
theoretical treatment required to interpret the experimental
test results. Several specific applications of fracture mech-
anics are presented where predictions of crack instability in
complex geometries were made and the theory was evaluated
by experiment.

Experimental Testing and Techniques

The material selected for study was a brittle epoxy, PLM-4B,
manufactured by Photoelastic Inc. The geometries used
were encased circular disks containing three different center
perforations common to rocket grains as shown in Fig. 1.
The sample preparation technique was to cast large cylindrical
sections of the epoxy and machine the outside diameter to
7 in. Thin slices were sawed from the cylinders and milled
to a thickness of 0.250 in. The inside perforation was mach-
ined using a router with a template of the correct geometry.
The outside diameters of the grains and the inside diameters
of Plexiglas cases were controlled to provide an approximate
bonding clearance of 0.050 in. The grains were bonded in
the cases with an epoxy adhesive (EPON-828/Versamid 125)
and were cured at 72°F for 24 hr to minimize shrinkage.

In preparation for pressure testing, a small crack was in-
serted at the inner perforation of each case-bonded grain.
The cracks were wedged with a sharp knife and hammer to
a length of 0.25 to 0.50 in. long. Operator finesse was
required to avoid the propagation of long cracks and the
resulting loss of sample.

Pressure tests were performed in a pressure chamber
(Fig. 2) designed especially for the disks. O-ring seals on
the sides of the plastic case permitted the case to deform
radially. Internal pressure was applied by a high-pressure
nitrogen bottle through a regulator, and the pressure was
increased very slowly while the sample was monitored through
the Plexiglas windows of the pressure chamber. Backlighting
was used to enhance detection of crack initiation, and the
pressure which caused the crack to propagate was recorded.
Pressure test results for the epoxy grains are presented in
Table 1.

I—-0.250 IN.
CIRCULAR PORT

b/a = 3.5
b/a = 4.5

STAR
b/a = 2.2

Fig. 1 Epoxy grains be-
fore case bonding.

-O-RING SEALS
- PRESSURE VESSEL

Fig. 2 Pressurization test equipment.

Table 1 Pressure test results for epoxy grain slices0

Grain
geometry

Circular port
b/a =3.5

Circular port
b/a = 4.5

Star grain

Pretest crack
length,

in.

fO.45
< 0.49
1 0.70
fO.40

< 0.50
1 0.61
f 0.20

< 0.30
1 0.33

Crack propagation
pressure,

psig

215
380
215
365
360
250
250
210
275

«A11 tests were run at 76° F.

Pressure levels at crack initiation varied from 210 to 380 psi.
The pressure field inside the pressure vessel was applied at
the bore surface, at the crack surface, and on the faces of the
grain (as in an actual rocket motor application).

Upon propagating, the crack trajectory went straight to
the case for the pressure-loaded epoxy grains. This was
also observed for the star designs, which had initial crack
angles of 30° from the star tips. A typical star grain after
application of pressure is shown in Fig. 3. This particular
grain was tested initially with a 0.120-in. crack at the star
tip (identified as A). After it propagated at 250 psi, another
crack (0.29 in. long) was inserted at B which subsequently
propagated at 130 psi.

Fig. 3 Trajectory of pressure-tested star epoxy grains.
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Effect of Face Pressure on Plane Stress Pressurization
Analysis

The presence of pressure over the face of the two-dimen-
sional grain slice, resulting from the experimental require-
ments of pressurizing the crack, modifies the stress field from
that of plane stress, i.e., with bore pressure only. Since
calculation methods for finding Kz in a thin slice deal with
plane loadings, it is necessary to modify plane stress solutions
to account for the face pressure.

Exact Analysis Based on Superposition Principle

The stresses, o-0-,2 which arise in the problem with side pres-
sure can be simply related to the stresses, cr^,1 calculated from
a plane stress problem through the use of the superposition
principle.

The basic approach, which is similar to the development
by Holsapple et al.1 for thermal problems, is to divide each
problem into subproblems that can be analyzed exactly with
only one exception in each case. The exceptions which can-
not be analyzed turn out to be identical for the two problems,
and this provides the necessary link between a,/ and a0

2.
First, consider the plane stress problem as a guide to the

solution of interest. The solution crf/ can be obtained by
superimposing the solutions to subproblems a), b), and c),
as shown in Fig. 4. Problem a) is the grain alone, loaded in
plane stress and having uniform pressure p on the inner and
outer boundaries. Problem b) is a case having the same
internal pressure p. Problems a) and b) are stress compatible
but are not displacement compatible, and the displacements
of the deformed grain and case will differ by some amount,
Aw.1

The solution to problem a) is a classical result

0tj<al) = -p8tj 1,7 = 1,2 a 3 f c
( f l l )=0 £ = 1,2,3 (1)

The constant stress field produces a constant strain field from
which the displacement at the outer boundary r = b, is found
from the axisymmetric equation

bp(l-v)IE (2)

For the ring under uniform internal pressure, the radial
displacement is

The disparity in displacements is given by the difference
between Eqs. (2) and (3)

Since the two-dimensional hydrostatic load of problem a)
deforms the body into a geometrically similar shape, the
outer boundary remains circular, and Aw1 is independent of
the angle 0, even when the inner bore is of arbitrary shape.
The case obviously remains circular. All irregularities of
shape and the shear interactions between case and grain
arise in the pullback problem c).

The pullback problem cannot be solved exactly for an
arbitrary shape. However, within the limitations of the
linear theory of elasticity it is known that the stresses, o-t/cl),

CASE

a) GRAIN b) CASE c) PULLBACK PROBLEM

Fig. 4 Superposition of pressure load problem.

in the pullback problem are linearly proportional to the
magnitude of the pullback.

where f(r,6) is the solution for unit pullback. By super-
position of these subproblems, the stress in the plane stress
grain is

a0.(1) = Aw(1>/0,0) -pStj ij = 1,2 a3k
(1) = 0 (6)

* = 1,2,3
The problem with face pressure can be reduced similarly

to a pullback problem by decomposition, as shown in Fig. 5.
The solution for the hydrostatically pressurized grain is

a,/«> = —pSij ij = 1,2,3 (7)

For this portion the strains are constant, and the displace-
ments are given by the axisymmetric equations. The dis-
placement at the outer boundary, r = b, is

U(d2) = -bp(\ - 2V)/E (8)

The case displacement is the same as Eq. (3); that is, u<e2) =
u{bl\ The magnitude of the pullback in this instance has
changed due to the cj33 stress component in problem d).

<73 f c<2> =o k = ]

Thus, for the in-plane stresses

) A«2 = w ( f t l ) - «(d2> (9)

The stress for a unit pullback, /(r, 8), is the same as Eq. (5).
The stress <7;/2) is obtained by superimposing the subprob-
lems, as before.

(10)

(11)
(12)

= D (13)

The right-hand side of Eq. (13) is constant and constitutes
a multiplicative factor D which relates the two stress fields;
thus D can easily be calculated. If the solution to the prob-
lem a) with no face pressure is known, the solution to the
experimental problem with face pressure can be found.

ID (14)

Dividing the two equations

1 - v) + (E/Ee)(b/h)
- 2v) +

Evaluation of Stress Intensity Factors

The solution to the plane stress problem without side load
in the vicinity of the crack tip will have the form2

]Gu(B) (15)

CASE

d) GRAIN e )CASE .f) PULLBACK PROBLEM
SAME AS Fl CURE 4(b) SAME AS FIGURE 4(0
NO FACE PRESSURE EXCEPT FOR MAGNITUDE
ON CASE OFAu

Fig. 5 Superposition of side load on grain.
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Table 2 Side pressure parameters

v
D

0.500
44.2

0.495
23.4

0.490
16.1

If face pressures are added, the solution for the crack tip is
]G,/0) (16)

From the analogy given in Eq. (14) between plane stress and
plane stress with face pressure

/+AJ = - (17)(2 r) i /2~' J ' *""' Z)

Near the crack tip the added term p is negligible. Therefore

K^ = K^ID (is)
Thus, if the stress intensity factor is known for plane stress
loading conditions, it can be determined for plane stress
plus side pressure loading.

For an epoxy grain of 3.5-in. radius with Plexiglas case of
0.310-in. wall thickness, the D value becomes 1.02. Thus,
the effect of side pressure on KI is insignificant for the epoxy
grain. The crack in the experimental tests with face pressure
will propagate at virtually the same pressure calculated for
plane stress; however, if the grain material is a soft elastomer,
such as solid propellant with E = 600 psi and v = 0.50, the
same geometry and case makes D = 44.2. D values as a
function of Poisson's ratio for E = 600 are shown in Table 2.

Therefore, low-modulus propellant behavior is very sensi-
tive to the applied side load, and D is very sensitive to small
variations in Poisson's ratio.

Material Properties

The material properties needed for a fracture analysis of
the pressurized grain are modulus and Poisson's ratio for
the grain and case, and fracture toughness for the grain
material.

Modulus and Poisson's ratio were determined from
uniaxial tensile tests with four strain gages on each sample.
Test samples had two vertical gages for modulus evaluation
and two horizontal gages for Poisson's ratio determination.
Back-to-back strain gages were used to correct for specimen
bending, and consistent results were produced. Sixteen
tensile tests were conducted at 76°F by straining each sample
to 2000 psi. The stress-strain curves were linear and were
used for evaluation of Young's modulus.

Epoxy fracture toughness and surface energy determina-
tions were made using a single-edge-crack tension specimen
which is used extensively in metal fracture work.3 Twelve
such samples were tested in tension at 76°F. Specimens were
1 in. wide by 5 in. long by 0.25 in. thick. A small crack
approximately 0.250 in. long was inserted from one side at
the center of the specimen. All cracks were sawed and then
wedged open to produce sharp natural crack tips. Measured
material properties for the epoxy and Plexiglas are presented
in Table 3, and the test data for the 12 epoxy fracture tests
are presented in Table 4.

Table 3 Summary of material properties

PLM-4B epoxy Plexiglass

Modulus, psi

Poisson's ratio
Surface energy, in.-lb/in.2

Fracture toughness, psi-in.1/2

600,000

0.347
0.250
542.4

400,000
(slight relaxation)

0.33

Table 4 Fracture toughness and surface energy data for PLM-4B
epoxy at 76°Fa

Crack length, in Klc, psi (in.) y, lb-in./in.2

0.20
0.25
0.23
0.26
0.25
0.60
0.22
0.25
0.20
0.23
0.22
0.28

616
493
473
606
516
497
555
544
574
383
549
703

Average = 542.4
Standard deviation = 79.8

0.316
0.202
0.186
0.306
0.222
0.206
0.257
0.247
0.274
0.122
0.251
0.411
0.250
0.0704

fl All samples were prepared from cast 0.250 in. epoxy sheets; samples were
1.00 in. wide.

Evaluation of Grain Stress Intensity Factors

The onset of crack propagation was predicted by compar-
ing the anticipated intensity factor Kf with the fracture
toughness value KIc. The predicted Kt for the pressurized
plane stress cracked epoxy grains was evaluated using numer-
ical analysis procedures. Kr was calculated from the strain
energy release rate, dU/dA, using the plane stress equation
of Irwin4

= E(dU/dA) (19)
where A is the crack surface area to be released, and U is the
total strain energy of the configuration. Kj was evaluated
numerically for the two circular port geometries (b/a = 3.5
and 4.5) and the six-pointed-star design for different crack
lengths. The Rohm and Haas5 finite element program was
used for the grain calculations. The mesh system for one
of the circular port grains (with a crack depth of 1.00 in.) is
shown in Fig. 6. The basic Rohm and Haas computer code
was modified to calculate the total strain energy in the grain,
and strain energy release rates were determined from two
successive calculations of U with a 0.050-in. change in crack
length. A relatively coarse grid was used following the
suggestion of Deverall and Lindsey6 who made a comparative
study with classical solutions to show that fine grids were
not necessarily required for good accuracy in determining
KI if the strain energy release rate method is utilized.

Results of the analysis of the two-dimensional grain slice
pressure tests for KIy using plane stress numerical calculations,
are presented in Fig. 7. These Kr curves have a correction
factor of 0.98 to account for the pressure on the grain sides.
The relative positions of the curves in Fig. 7 are due to the

-3 -2

Fig. 6 Typical mesh for finite element computer analysis.
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0.25 0.50 0.75 1.00
CRACK LENGTH, IN.

Fig. 7 Stress intensity factors vs crack length.

epoxy grains having moduli of the same order of magnitude
as the cases. For low-modulus grains, the Ki curve for the
circular port grains with a b/a ratio of 4.5 would be above
the curve for the grain having a b/a ratio of 3.5.

Comparison of Theory and Experiment

The total KI value in the pressurized grain consists of the
component generated by the pressurization condition plus
the component generated by the shrinkage of the epoxy
adhesive used to bond the grain to the Plexiglas case. During
the cure process the adhesive changed volume after becoming
solid. The cure shrinkage after gel for typical epoxies is 3 %.
Numerical analysis showed that 99% of the grain pressuriza-
tion load was absorbed by the high-modulus epoxy grain.
One percent of the pressure load was supported by the Plexi-
glas case. Therefore, the adhesive shrinkage would tend to
load the case rather than deform the stiff grain, and only 1 %
of the cure shrinkage after gel would contribute to loading
the grain. This shrinkage loading is insignificant for the
high-modulus epoxy grain.

Analysis of the grains using the numerically evaluated
stress intensity factors proceeded by obtaining from Fig. 7
the ^i/unit load for the appropriate crack length in each
grain. Multiplying by the test pressure at fracture, the
Ki values for each test were compared with the allowable
fracture toughness values shown in Fig. 8. All of the pres-
surized grain fractures fell within the 2 a variation of measured
epoxy Klc values. These results were taken as confirmation
of the energy analysis methods, and they provide a measure
of the accuracy of the theory for grain fracture analysis of
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Fig. 8 Comparison of epoxy grain pressure test results with
fracture toughness.

idealized geometries and materials. Direct applications of
the work can be made to a variety of rocket motor and pres-
sure vessel problems.

Conclusion

Motivated by the need to analyze flaw behavior in rocket
motor solid propellant grains, predictions of crack instability
using fracture mechanics have been substantiated by experi-
ment for two-dimensional geometries. With the analogy
between pressurized plane stress and classical plane stress, it
has been possible to develop a bonafide test method for
performing experiments on pressurized cracks in bonded
rocket geometries with arbitrary inner perforations. Test
analyses with solid propellants will require consideration of
viscoelastic effects.
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